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L THINKING ABOUT CHANCE

You probablyhave heard or even made statements such as these:

1. More likely than not we will go to thepark on Saturday.

2. Chances are good that wewill get to do it.

,3. (John ,allsBilly have equal-chances to win.

; 4. I am almost certain ti:latIcan 6ometoour. h4ose

- after school.
,

These sentences are alikeimone way. They.tiayi words and idea's ..L
which are used in mathematics. These words and ideas are used In aTariof

.1 . I

mathematics'called probability. In probability, we are interested in things
.... .,.,,

which happen by chance. By using mathematics we can often estimate_ :,
. ,

'quite _accurately what will 'probably happen.
I

a. .

iWe will experiment with,s`uch things as coins, spinners, colored ...s e,
.

..

tbldek, and dice to learn what to expect: Later we will learn what to 'expect
,

--

by working witn.ilaimbers instead of using- experiments:
.. et t

What DoYou:Know About Chance?.

. 0-

Do you know thianswers to thes4questiolns?

..

/....Who will win the World Series this year?

, ,

. Willall the members of our class be in school next Monday?

e
,'":

-
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How many people:in our class.6will nave perfect spelling

papers this week

Will see a Ford truck on my way homeirom, school thii

afternoon?. /.
4

We cannot be:certain of the ianswers,to q"uvstions such as these

because-they. are chance events. Howeyer, there are some, things'abOt
. , ,

chance events'whicki we do krrow. . " % , ..
ET

'-Z( j / 1

Some things are more likely to happen than others'. For example:
, .

Which is' nioe likely, thai one of.t.fifiupili w,ilrbe

absent or that:the teacher ,rill be absent?
. ... , .

,

1
: Which is more likely, that ydti will have cereal fort

breakfait or that yotrWilltave:drea (kir lunch?: ';;''., 1,

Which, is`more Jijcely, that aroyit4111 bald a model' .

.

.
,

"airplane or thatagirl, will build:a Model airplane.?1,

SOine things are more likely to-happen than not. Think of answers

to these questions:
-Li

In Phoenix, Arizona, in July, is .it mare

not that the sutikwill be shiriing7at noon'? ,

. =

Is it more likely than not-that you'ic'a*n find the sum ,

of _324,and , 465, ?

S. .
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Is it more likelithan not that your, neighbor has ,
. .

TV. set?

Somethings-are certain and somethings are imyossible. Which

are thestq

A man can live without any liquid for three months.

I will use my brain some time this week.
,

My dog can writehis.first and last name in Russian.

All hew .cars this year will LAe water for fuel.

To,morr9w, today, will be yesterday.

Our ideas about chance might be classified Certain, Uncertain

or Impossible In front.of the following sentences, write C , -11 ,

-:tg= or I for .Certain, Uncertain, or Impossible .

1. §un .will set in'ttr:east.

'2.. A.river flbws downhill.

3. We win see the sun today,.

4: Sun will rise,

t 6. A -river is deeper today .

'than yesterday.

7. .14,willtsleep, 8 hoursz)rf

, Monday.

8... I will sleep sometime
5. A river flows uphill., -^. this week.

a

will'not sleep at all

this week.
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Exercises Lesoia 1.

Us these pictures for. Exercises 1 through 3 .

A B C D F

-

1. Circle the.letter of the spinner whose pointer is more likely to stop.

red.than blue.

(a) A .0e: B ? (d) B- or C?

(b) C or D ? . (e) D or E ?

(c) E or F ? C. F'?

2.: Study spinner D and answer these questions.

(a) Could you get 100 reds in, 100 spins

on this spinner?

(b) Are you likely to g-et 100 reds in

100' spins on this spinner? s.

(c)' About how rriany reds do you expect

from 100 spins?

7.;

1
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3. Suppose a pirate captain said to you, 'I will giie you just one chance°

on' a spinner. If,the pointer stops on blue, into the sea you_go. If it

stops on red, you may go free. ",

(a) If the captain let itou c oose one of theie

six spinners, which would you choose for'

your chance?

(b) If the captain allowed yolith make the

,spinner, ho'w would you color the dial?

If the captain were very angry, how do

you think he would color,the dial? ,

.- Things To Do- At Home Lesson 1.

1. Look fOr stories in the newspaper that use some of these words.

"'probable probability .

chance equal ^chance

likely unlikely
c.

ring them to share with your class.

10



2. Place a newspaper on a table. .Shake two pennies in your cupped hands

and drOp them ophe paper. /Make a tally mark on a piece of paper to

show the number of heads or tails. (See the example below.)

s..

2 heads' `1 head and .1 tail 2 tails

liff 0 11

.

"

,llff 1 I ft lit I 1111 NI

7 ar lll
1111 /H1iI lilt

-a

...
.

Do this 60 times and record.the results tri a table like the One above.

4.

O

C

1. Hoimany times did you get:heads on.bofh coins?

.2. How many times did you get tails on-both coins?

3. How many timedid you get one head and one tail?. .

-4, Are your answers to the first three tiuestions the same

number?

'5;1 Are any two of your results equal'?
g 0

. 6. po.you Expect to get fewer "2 heads" than "1 head and

1 ?

r-

11
I
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lesson 2.

Activity 1: Spinning a spin .ner with dial
1

2 blue and 2 red.

- Direefiohs:

The pbinter of the Spinner is to be Spun and a record.made of whether a

if stops on red or blue. (If it stops exactly,on a line between red and blue,

'make rtO record, but spin again.1

One member of the committee will serve as recorder. Here is a sample _

record of 20. spins to show how the, count should be kept:.
,

,

Number of Red

..

Number of Blue
, Total Number

of Spins -'

mr in
i

iltr D.ii u 12 20
, .

The other members of the committee will take turns spinning the

bainter until a total, of 50 spins have been recorded as in the form above.

:' In thiS class and in math and Science classes in higher grades, you will

need to,keep aXecord of results from experirpents. Practice now by

organizing yot_ir results and rec &fig them neatly.
.

Make a table on a full sheetof paper similar to the sample on-this
r

page.' Had it "Activity 1" Record the results of 50 spins. The person

who reGords the spins and the'pa,sons doing the'spinning shouldisign the
-4

sheet Then give it to your teacher.
, .

12
4'7



Lesson 2.

Activity 2: Spinning,a,spinner.witti dial
1
4 red and 3 blue.

4

Directions:

The pointer of the spinner is to be spun and a record Ade of whether..
4

it, stopi on red or blue. (If it stops exactly..on 'a line between red and blue,

make no record, but spin again.)

One member of the committee will serve as a recorder: Here is a

-sample record of 20° spins- to show how the count should be kept:

'Number of Red . 'Numbei. of Blue
Total-Number

.

of SpinsSpi

Ott //1 Xi /1 12
.

Theother memberspt the Committee will take turns-spinning'the

pointer, until a total of2-50' spin5 have been.pecorded on another sheet as c.
.

in the form above. Be sure to put Activity 2 for its heading.

When all 50 spithave been recorded, each committee member-,

should sign the report. Give RS your teacher..

s [3,7r

13



Lesson. 2. JR

e.

-Activity 3: Spinning a spinner with dial
1 1 1

red, 'blue, and 3 yellow.

Directions:

I

Red Blue

9

.The.pointer of the spinner is to be Spun'and.a record-Maki:if whether'

it stops on red,. blue,. or yellow (If it,stops exactly on aline separating two

'colors, make no record, but spin again.)
. ,

Ontlember of the Committee will serve as recorder. Here is a sample

record of 20 spinsto show how the ount should be kept:
4

4

Number of .

Red

Number of
Blue

'Number of
Yellow

Total Number
-of Spins

j 1. },--ati lilt . RI 5
_
20q

4R.

The other members'of the committee will take turns spinning the

pointer, until a total of 50 spins belie been recorded on another `sheet as

the form above; headed "Ictivity 3"
4

/-* When. all 50 spins have been Jecorded, each committee member'

should sign the report. Give it to your teacher.

1 14
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Lesson 2.

Activity 4: Tossing a coin.

Directions : '_446. heads :. tails
.,.

The coin is to 4e-tossed and a record made of whether iifalts with

'heads or with tails showing:

)
One.mernber.of the committee will serve as recorder. Here is a

..sapple record of 20 tosses to show. how the count should be'kept:

, i

Number of Heads

.,
,

Number of ils '

Total 'Number .

. of ToSses

.811 9 jiff, n. 20

The other members of the committeewill take turns tossing the coin,

until a total of 50 -tosses he been recorded on another, sheet as in the

foim above. ',Head the sheet "Activity 4

When ail 50 tosses have been recorded, each committee member

should sigh theaTeport. Give it to yout.teacher.

.

15 ,
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Lesson 2.

4
this''spinner

and a record made of the results.
I;

Directions:

or

Tossing a die andcounting the

number of dots on the top face.

_

The pointer of the spinner is to be spun or thedie is yssed .

,

One member of the committee wil :se'rve as the recorder. Here is
.

a sarriple of .20 turns to-show how the count sho-Uldte kept:

.1
No. of

l's
No. of

2's

. .

No. of
3's

No. of
4's

No: of
5's

Nof
"` 6's

Total Number

ll11

- ..
11 Ill -iiii

.....N

4 5 1 2 ': 5 20::

4

The other Members of the committee.will take_turns, until a total

Of 50 spins or tosses have been recorded on anoter 'heet as in he form

above, headed "Activity .56 .

When 50' results have been recordedreach member of the

committee should sign thefeport. Give it to your teacher.
0

16
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Lesson,- 2.

Activity 6: \Tossing a die and rioting whether

the number of dots on the'top

face is even or odd.

° 74. 1,7

.

Directions:
A

4

.- The die is to be tossed and a.record made of whether thenumber--....?._,._,

. ---- =>
-of dots-un the top face is an even nuirfberor an odd number.

.

.
One member of the committee will serve as 'a recorder. Here is, a

.

'sample record of 20 tosses to show-how thetount should be kept

. ,
..

.

No. of times even
. .

No; of times odd
.Total Number

of Tosses

Ai i I 7 0 J44/: iii .13 :

The other members of the committee will take turns tossing the

die", until a total of 50 -tosses have been recorded on another sheet'as in

:the form above, headed "Activity 6°

Whn all 50 tosses have been recorded, each member of the

Ommittee should ign the report. Give no yoursteacher.

° .

17
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Lesson 2.

,Activity 7: Choosing one of the two

cards pictured here.

Directions:

The two cards are to be placed face down on the desk. (Be sure that',

the person. who is to choose does' not know,which card I§ which.) One card

chosen and a .record is made of the, pictuie oh it.
A

One member of the committee will serve as recorder. Here is.a

sample of 20 choices to shoW.how the count shouid be kept

Number of Is Number of

.
r--,
l l's -

.

Total-N4mber-
' - i-of Choiees .,

Al: 1111 . i://1 Aff i -:.11 20

The other members Of the committee will-take turns choosing cards

until a total,Of 50 choices have been recorded on another sheelas in the

.form above, 'headed "Activity 7" .

When all .50 choices h*e been eecordeit each friemberfihe

'committee should sign the report. Give it to your teacher.

UUe



,Les'sOn :2.

Activity' 8: Choosing one of the three

cards pictured here.

Directions:
.

The three cards are to be plawd face flown on thellesk. (Be sure

'that the person who is to Choose does.not know which card is which.) One

. card is chosen and a record is made.of the picture on that card.

One member of the committee will serve as recorder. Here is a

sample record-of 20, chdices to show, hA the count Sho614 be kept:
°

.

Number of A's
. . i '.' Total Number

of-ChoicesNumber of _.'s '1*

1.1ff 11 III 13 Jiff II . 7 20. ta

4

The other members of the committee will take turns choosing cards,
4')

until a total of 50 choices have been recorded on another sheet as in the

form above, headed "Activity 8"

.Wheneall 50 choices have beerrecorded, each member of the

Nlit
committee sign the report. Give:it to your-teacher.

-

19



Lesson 2.
: .

°Activity 9:

.1

1

.0%

Direction's:

4
; 1.3

,

--

Choosing a cube from a box
.

containing one yellow and:
9-

one, red.

9

...._r

red

I

yellow

FrOM containing one reci clitie. and one yellow cube, neither

visible, a single cube.is chosen and its color recorded:.

One meM.berof thcommittee will serve as recorder. Here is a

sample record of :20 choice's to show:how the count should be lcept:/
.

Numberof Red
. -.-

c3Number of Yejlow--'
Total Number

of Choices

Or liti I or .1111 9 20

The'other me rs of the committee will take turns choosing cubes,

until a total of 50 choice have been recorded on anothersheet as in the

form above, headed "Activity 9" .

When all 50 choices have been recorded, each member of the

committee should sign the report. Give it to your teacher.

A

r

20 1
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Lesson 2.

Activity 10: Choosing a cube from

a box containing one

yellow and three reds.

Directions :s

red- red .red yellow

From a boxcontaining three red cubes.and orip yellow.cube, 'none

visible, a.single cube is chOsen an4 its color recorded.

One member of the committee will serve as 'rstorder. Here is a

samplerecord of o:2,0 dhoices to-show how the.count should be kept:
r , .,,

. Number of Red
.

Number of Yellow.
Total Number

of Choices '.

alf 101 litl I : .16 1111 20

The other'memfiers of the committee will take.turns choosing cubes,

until a total of 50 choices riave,been fecorded`on.another sheet as in the

forM above, headed"" Activity 10"

When all -50 choices have'been recorded, ea6 merriber of the

committee should sign this report. _Give it to yobtleaher.
.

r.
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4Ewtiegq_issoin 3. , :0
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71-lere8;.e ten tements about Chance events: If you think a_statement.
.

t .,
is true, putla :1": 'in Me blank after thegtOmrt. Ifyou think the

statement is not put an F in the blank.___ ..4,......_
/ ._

.. t e d'

1. Ifa tossed coin does not-stand on its' edge, t ; f

,
c!,

17

is certainly) be either heasis or taiK.

Z. If we toss,a coin once, we are as likely to

4et a head as a tail. 4144

3. If'w,ft toss a coin 100 times, itrmay be heads

0 times or 100i, times or anything in between.

4i. If we toss a coin IOW times, it is very

unlikely that we will get 900

5. Whether we get Heads:Or tails when weoss,

a coin is a matter of chance.

6. .you might toss a coin 1000 tiras'without

getting a single head.

7, If.a ,fox contains two blue marbles and one

red one, and you pick one elarble without

r- looking, the chances are 2 out of 3 that it

will be, blue. ,
In Exercise you have one chance in

thre,e of picking a red marble.J

A

S.

7e-

4.

/0

e ,
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9. In Exercise 7, - yobr chances of picking a

green marble are zero.

10. Joe is eight years old. It is more likely

that he is four feet tall than ten feet tall.

Read the following statement carefully and thercanswerQuestions-

-

&spinner has a dial which,is on
;

witte andtbree-fourths red:

If you spihthepointer .10 ,times, are you'.
A 4

2

°likely to get the same number bf reds as,whites?

12. Are you likely to get more whites than reds?

13. Ifthe chames of getting reckare 3 out of 4,

-what afe the charkes of getting white?

14. Can you be 4rtairkof getting at.least one red

15. Is it very likely thaeyou will get no reds

in 10 spins.?

1

-

1.

Ar'

23
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A

Read the folloWing statement carefully and:then answer Questions 16

througK 20.

. .

4

0 0

James has three green marbles and

-two blue marble-s in his pocket.

16.- How many marbles must he 'remove to be

sure of 'Offing a blue marble?

17. How many marbles must he removeto be

sure of getting both the blueones?

18. ,How !Nay marbles,must be removed to

be sure of getting both colors?

19. How Many marbles must be rt m ov e tht o

be sure of getting a green one?.

20. If Jamey 'removes One marble, there re--
4-1

-three chances out of ? that it will

be a green one. ,,t

I

,t

24
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20 "s

Think about some thing that a.re certain to happen. Think-about some

things that might happen, and about other things that just can't happen.

. then 'answer question's 211:22, and 23 .

21. List three.things, that you knot', are certain to happen.

a.

_b/

22., List three ;things that may or may riot harrpen.
\.

a:.

0

4

c.

.1

/
23. List three things,that cannot happen.

a.

b.
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'Things To Do At Homte -.LeSson-3.

1. Make a spinner with a tlial red, blue, and Use y&r
. . 3 3- 3

imaginaton. Spinners .can be made from paper plates,, plastic tops from

a paper cup,. cardboard- ice cream. sticks, and so on. Kace a'beaClunder
.

the pointer, or anything to Eeepittrolf of the dial. Stick a pin through

the pointe, the exact center oftli:e dial, and into something like an .

21

eraser.

Spie.the pointer 10t) times. Keep track-of the outcomes in a table-such

as pis:

Tally

Total

a

J,

.

) 4 Blue.,
.,

.

. ,,... R d
.

YelloW

. . .

f..
.

...., . -

. .

.
.

.. ,.

. ,

.
. , .

.

a. How many times did the pointer stop on blue

On red? On yerrow?

Is each of these colors equally Likely?

.r

c. If-you'spin the pointer 900 times, you expect it to Stop on red.

about 300 400 500 times. (Circle yoLir-answer.)



2. Use the directioni in the Appendix to construct a tetrahedron. .Color

one face red,_ .one blue, another

yellow, and the last green..

Toss the tetrahedron' 100 times and note the face that is down. Keep

track of the outcomes in a table such as this:

Red B.I ue ., Green , Yellow

. _ --,

....--...

,

. . _

..-
. .

a. How many times did the tetrahedron fall on Red ?

Blue? Green? Yellow?

b. Add the number of times it fell on, red and.on blue.

Add the number of times it fello-green and on yellow:

'..1s-e-act of theSe Sums about Jof the:tot-a) number of tosses, or..

about
4
71 of the total number of tosses? AbOut

c. If you throvrthe tetrahedron 1000 times; aboUrftbi many times-.

do ou expect it to fall on red? On either blue or

^CI

Make`-up a game thatitwo 0-eople can play,so that each person will-have

an equal chance of winning. Explain it to the class. Describe any

material needed, such as, spinners or dice. Be sure your rulei are

'clearly stated.
_. 27
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4: T.osi a die or a cube which hasits faces numbered from 1 through ,6.

The Appendix- directionshas drectons for constructing a cube (hexahedron), of
.k...,. : .

. you may usa die from some game.

o

Toss it 180 times. Use a table to keep a record of the results.

ti

Tally -

. Total

I

Numberof I's . Number of 2's Number of 3's.
.

.

Number of 4's
. 0

Number of 5's Number of 6's
. _

.

. - -

a., Did each face come up at least once?

b. The faces are either odd (1, 3, 5) or even (2, 4, 6). On 1180

tosses, about how many outcomes would you expect, to be even .

numbers? In your experiment, how- many-were even

numbers?

c: On a die or cube, each 'of the six faces has an equal chance to be

up. I n 180 tosses, how often would you expect 2,, to be up?

5. to be up? In you experiment of 180 tosses, hovit

many times was 2 up'? 5?

d. If you tossed a die 6000 times, about how often would you expect

each face to' be up?

' es-



Lesson 4.
g.

Activity Tossing:-a-coin a team activity.

birections:
^%.

The coin is to bOossArten times and a record made of whether it falls

heads or tails. , TI
.

One member will toss the coin and another member will record the

result. Here is a sample record of 10 tosses to show how to record the

results..

Sample Record
.

.

.
,

: .

Total Number-

, Number of Heads AuMber of Tails of Tosses

//II
- i,

4 yr I 6 10.

On Another sheet make a table similar to the one abovei Keep track of your

results for 10 tosses. Each member of the team should sign the sheet.

Your teacher will ask for it soon, because. your° reult.s will be used in a

class activity.

29
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Lesson 4.

Class Data Sheet for Tossing a Coin -- To accompany Activity 11.

_ Teani

No. of Heads
in 10 Tosses .

No. of Tails
in.. 10 :Tosses 7, _

A

B .
. ,,

._,

D i
.

. ..

.

. ,

--,
_ ..

--,. ..

_ )_____,--, .

. .

J a . -'
a.

-

- --.

Total

- -=

:___...z

- -

Which4eam had the largest number of heads in 10 tosses,?

the largest number of tails in 10 tosses? gki

'About how often would you expect heads. in 10 tosses?

in 100 tosses?

3. Eatli team tossed the Coin 10 times. In tl, how-many times was the

coin..tossed? Whait is one-half of this number?

4. =Out of all. these tosses, -how many times- did heads-o cur?

Is this about one-half the number of tosses? t:'

/5: Would we need to record the. number of tails on our ClasS Rata-

Sheet?

4?

0



26

.Lesson '4.

Graph Sheet foi Tossing a Coin To accompany Activity 11.

(Directions:
.

. Graph each tam's data with an ".0". (Use the scale on the-left.)

Graph the ass total data with an "X". (Use the scale,on the; right.)

10 100

9 90
V)

(1)

8 1))
0 0

7 70

6 60

5 .50 'is)

4 4o =
cg

0
3 r 30 st

20

1 10 7.-

0 0

°A B Cgt.D E F G H I J Total

Teams

Compare the graph of, each team's results of 10 tosses with. the graph of the

total.data of 100 tosses.

1. In general, which is more nearly what you would expect, the various

41.

teams' results or the total results? O

rJ

Is the number of heads. in 100 tosses more.nearly what you would expect

'than the results_your team had in -10 tosses?

Is a larg&r number of tosses more likelyo result in what you.expett than

just a few-tosSes?' 31 , »

A
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Lesson 4.

Activity 12: Tossing a die --'a team activity.

Directions

!

. The die is to be tossed sixty times and a record made of the humberof
44 ft

dots on the top face.
,..,_

One member will toss the die and another will record the result. Here-

is.a sample record of 20 tosses.

Sample Record

No. of No.No. of, of No. of :; No...of X No. of

Tally If ' IIII,. III II III ittr i.
,

Total. 4 3
,

Use a sheet of paper to make a table similar to the one above. Toss the die

60 times and record the results in your table. Each member of the team

should sign the sheet. Your,teacher will soon ask for it because your

results will be used in a class'activity.

32
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Lesson 4.

Class Data Sheet for Tossing a Die -1 To accompany ,Activity 12.

Team

No.' of No. ofizl No.

'.____

of No.
,

of No. of No.

.

f Total No. ,

of Tosses'. ., _ .

A
..

.

.

.

. .

.
. .

D ,

. .

--,,,, E , .
.

. . ,

_

.

G
, .

0.--.4*-- -tc ---
1._,A .. ,.

.

I .

..

.

,

.

Total ,,,.,

.

.

600

1. From the totals, which face of the die was up the most?

2. Are any two or more totals the same?

3. Didany team fail to get all sc numbers?

4. Would you expect that on 60. tosses, each number would come u0

at least once?

If we tossed a die 1000 times, could we be sure that every number,

would come up at least once? , A

In 600 tosses of a die, about how many times would you expect each

face to be up?

Which?

33



Lesson 4,

Graph Sheet for Tossing_a Die To accompany Activity 12.

Directions:

Graph your team's data with an2_0".

60

ta 57

6,1 54

51

E3 48

c 45
4a,) 2

s- 39

ti 360
33

30

r 0 2 7
24

21

O 18

15

E 12
9

c" 73,0 k 6

I-

0

1 2 3 4 '5

Number on Face

:IN

6

Did you have any results which you think are unusual?

What makes you think these results are unusual?

,34
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.Lesson '4.

Graph .Sheet of Total Class Re Ults for Tossing a Die To accompany Activity 12.

'Directions:

Graph the total class results with an "X".

4

600

570 r;
540

510

480 §
450' c
420

390

36i)

330 0
300 ros6'

270 1-1-

240 r3tcg

210 .E

150

120 -cm

90

60 7-3

30 .0, IL',"

,0
2 3, 4 6

I
IIiimber on. Face-,

This graph form is the same form that you used to graph,yOur team's,results.

However, the numbers on, the right side are ten times those on yourteam's

graph form. This is a graph of 600 tosses instead of .60 tosses. Compare your

team's graph with this graph.

1. Does your team's graph seem to be farther from the expected results, or.are

the total class results farther-from the expected results?

Can you .explain why this is so ?
35
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GRAPH OF COMMITTEE ACTIVITIES

,

A

a*.

-7.

, Of

. 31

Activity

1

Spinner
.112 Red

112 Blue

4

Coin

6'
Die

...
,

.7

2 Cards
1 with A
1 with to,

9

2 Cubes
1 Red

1 Yellow

2

Spinner
1/4 Red

3/4 Blue

bil ,

4 Cubes
3 Red

1 Yellow

3'
Spinner
1/3 Red

143 Blues,
113 Yelraw

8

3 Cards
2 with a
i with CI

5

Spinner
or

.Die.

Choice Blues Heads Even Triangles Reds' Blues Reds Reds Squares Ones

50

48., .

46

44

42

40

38

36

34

.-

4.94
30

28

26

24

22

20

18

16

14

12

10

8

6

4

2
Ae,

n___.

./-

.

.

.
_

.

.
:-

, .

,
, vI' (..

"...-1
..t.
'..4.- ' /

. ---... .,.....1

lei
T,''

A.

.

.
'

_ r
. I

lb ,

. ... -
.

---.-

:-

, ,
. , .. e,

'

:

.
' e

3 6

.

:
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rc.ises Lesson -'5.
:4 , r

tossed a-coin 50 times in groups of 101. tosses. He kept a record of

the results by tallies. I-I stands for heads. T stands fol. tails.
'

Tallies

Number
of heaci-S-

a. Draw a bar graph to show the number of heads Jim got on each

Tosses ,

First 10 Second 10 Third '10 Fourth 10 F

,
111-,-..

, -H T , H

(
IX 11 f-,,,, 111 \WI ktf .1 IN I WI , Ill liif 1/ Of 1 /11/

7 . 3 6

10

9

ow.

0

group of 10 tosses.

fr

,.. : .

. . .

1

...
--) ,

,a.

a . V

ill

-.
?

.

First Second Third Fourth 'Fifth

10. 10 (10 10 10

Series of Tossg

4
a

b. Out of 50 trials, how

many heads did he

toss?, ,

. On which series did

he have the most _

heads?

On which series did

he have the most

tails?

e. Did the number of

vo

37

heads equal the

number of tails on any

one series?



31
Nine other boys in Jim's class did the experiment, too. Their results for
5,0 tosses were:

Bill 35 heads 15 tails Andy 20 heads 30tails
Bob :19 beads 31 tails Chuc 27 heads 23 tails
Scott,18 heads 32 tails Jon 17 heads 33 tails
Tom 30 heads :20 tails Petty ;,23 heads 27 tails
DOug 21 lleads 29 tails

,Make a bar graPh tpshow`the number of heads these ten boys tossed. Use

the scale on the eft. Make another graph of the total number of head in
500 tosses. e the scale' on the right.

5

4

4

4

4

3

u.
8

-

6 .

4
.

2

,

.
,

D

d ,
1W

8

) ,

.

4

2

,

.D.,...

. .

8
.

6
.

4

2

, ,

D , , I ,

8

6
.

4-, ----

2

D

.

B

6

2 .

1
,.

0 CT) >-+ c0 = "C7 w .0
CO (..) '0 C C 0

(./1 o . <
Boys Who Tossed a Coin

500

480

460

440

420

400

380

360 it',1N

.340 8
1--

320 .

300 FA

280 F
260 .8
240 2
no
200

180 -ct.

160

140

120

100

80

60,-

40

20

-0
Class
Total ,

f

6



2. (Continued) . . )
. :a. Who are the boys who tossed more h6ds than tails?

b. Who tossed the smallest number of heads?

Who tossed the largest number of tails?

Is 'Ns surpTising? Why?

c. Which boy, do you think, might have been most surpris&l by the

results he had in 50 tosses bf the chin ?.

.Why?

d. Each of the ten boys tossed a coin 50 times. This makes a total of

. tosses. How many of these tosses were heads?

Without counting, how many of these tosses were tails?

e. dHow many boys tossed more than 25 heads?

f. Dravra horizolital line across the graph so that abouteas many of the

boys have results above the-line as. belpw. At what number does this

line intersect trie left edge of the graph?

At what number does this line inters.ect the graph of the clss total?,

Is,this about the same as the nupber of heads the lioys

Itossed in 500 tosses?

. h.,
Would you rather tell him many h'eads you expect in 10 tosses of

)
a coin or in 500 tosses of a coin? ' \-- tosses.

3.9

a
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3. Below is a bar graph of the results.otne girls

found in using the spinner at the right. Yau can

read it in the same way you do other bar graphs.

LOok at It carefully, and you will see how° do

this. Use it to answer -a thro6gh h .

.Mary

:Betty

Ann -

Sue

Total.

>

,----14mber of Blues in 50. Spins
0 5 10 15 *- 20.

A

0 20 40' 60 80

Number of Blues in ,260 Spins

a. Whothad the smallest number of blues in 50 spins?

.13. Who had the largest number of,blues in 50 spins?.

c. Hew many reds did Betty get in 50 spins?

14:74"

d. Which of these fractions tells abopt how much of the dial istlue?

1 '1 *3, -

2 .44. 4

e. Did any girl get 25 or moteblues?

cf How many times in all was the spinner spjan by,the girls?

g. How many of these spins ended on blue? Is this about

the numbOr Of blues you would expect on 200 spins?

Would you 'rather. guess the number of blues on 20 spins or lift,
OM,

200 spins?

4

*q"--
spins.

49

a,
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4.. Here are some more spinners. And graphs.

90

80

70

60

50

40

30

20

10

450

375

300

'%66) 225

150

.c 75

0

2

'r

otrci; ,

Graph A

CD

co

O

E
z

a

.k .,1>.
1,4"5.../ .;',"1:r:'A .44

Graph

175

150

125

100

75

50

25

0

7Q0

600

500

400

300

200

100.
> : 0

.4',......" Z"

Graph

..0

. g.

. -

77'"reg.-6'p.*
.,4',4; , , <,,,

....1- 741
.......

va

g.. a.. ;.---
.&ri.- ...., ro.

'",. ,,Y ^

Graph D .

a. Graph A was probably_ made. by Lisingidatairsmispinner

b. 'Graph B was probably made by using data from spinner

C .41
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4

--(Continued)

c. Graph C was probably made by using data from spinner

37

d. Graph D was probably Made byusino data from spinner

e. Which spinner would you choose it-you wanted to be most likely

of getting blue?

f. On which spinner is red more likely than blue.?

One of the spinners is spun 10,000. times. Blue was the result

3,300 times. Which spinner would you expect was used?

h. Spinner, 2 is spun 1,000

the number of blues

° you would expect.

times. Draw a bar graph to show

250

NO

°°x'150,f) 150

mtd§ 100
E

E 50z
'0

P

i. SPinner 3 is spun. 1,000 times. 'Draw a bar graph to shoW the

number of reds .

you would expect.

42"

500

400

300

200

100

0

0111.1I



Look at these spinners.

You know that you-can ye fractions to compare the chances of

different.results.

Cdmplete this table.

1 1
of dial red means 1 chance in 2 means Chance of red =

1
of dial blue means chance in 2 means Chance 'of blue =

2

3
1 of dial red

1.of dial blue

. 4

means 1 chance in means Chance of red

t -1-- .

means chance in 3 means Chance of blue .
.=

J ; 1
-i7of dial yes flow means Chance in means Chance.of yellow =

s

1

4
of dial red riiear chance in means Chance of red =

....--
3 ,

,

of tlialblue ;mea,i7s. chances in 4 means , Chance of blue
4 .

chancres

All of dial red means red is cectain means: Chance, of red =

of dial red means red is impossible means Chance of red = 0
4

43
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Exercises Lesson 6.

1. James spins the pointersofa spinner 100 times and gets 35 reds.

Which of the following statements' is most likely to be true?or
:(a) The dial of the-spinner is all red.

(b) The dial of the spinner is orle-half blue;

JO. The dial of the spinner is'one-eighth red.

-(d) The dial of the spinner is one-third red.

4

Mary spins the pointer of a spinner 100 times and gets 25 red, 25

blue, and 50 yellow. Which of the following statements cannot be true?

(a) The dial of the spinner is one-fourth yellow.

(b) The dial of the spinner is one-third green. "I

(c) The'dial. of the spinner is one=fourth blue.

(d) The -dial of the *spinner is all red:

A spinnerhas a dial that is one-third red, one-half white, and one-sixth

blue. Which of the following cannot result.from eiactly 100 spins?

(a) 30 reds, 50 whites and 20 blues.

(b) 40 reds, 40 whites and 20 blues.

(c) 50 reds,, 5 whites' and 10 blues.

(d) 60 reds, 40 whites and 0 blues.

O

'.44
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You wish to get exactly 5 reds and 5 blues in 15 spins. Which of the

following dials could not give this, result?

(a) One-half red arid one-half blue.

(b) One-third red, one-third blue and one -third yellow.

(c) One-fourth red, one- fourth blue and one-half yellow.

(d) One-fifth red, two-fifths blue and tWo-fiftbs

In whichof the following statements is the chance of red equal to

(a) One chOcein two of red.

(b) Two chances in four of red.

(c) One chance in five of red.
rte

(d) Two chances in eight of red.

6. Which of the following spinners is 'likely tOlgive about the same number
t

(a) One-half red, one-fourth yellow, one fourth blue.

of reds and yellows?

(b) One-third red, two-thirds yellow.
1 '

(c) One-third-red, one=third,yelloW, one-third blue.

(d) Four-fifths yellow, one-fifth red. /

7. If the dial Oa spinner is all' eed; we say the chance of red is equal Jo:

(a) any,'othechance.

(b) one`chance in two.

(c) one-half.

-0 one:-



41

7
8. If,the dial of a spinner is all blue, we say the chance of .red is equal to:

(a) "one.

(b) zero.

. (c) one chance in. One.

(d) one-half.

1-

9. The-dial of a spinner is one-third red, one-third yellows and one-third

blue. Which of the following statements are true?

(a) Red, yellow, and blue are equally likely to occur.

(5), The chance of getting red is equal to
1

(c) One spin must result in either red or yellow or blue.

(d) The chante of getting green is equal to zero.

10. If the chance of red ona spinner is equal to zero, which of the followin'g

statements could be true?

(a) The dial is all red.

(b) The'clial is all blue. .

(t) The dial ha at leasttwo colors.

(d) The' dia'il:hasi:4 st three Colors.

1,,

tviliktetre
..L.

4--

A )4.'

I

\

46
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11. Complete thislable.

All'of dial red means

None of dial red means

red is certin

red is impossible

4:b. -
IN,

1 of dial red 1. chance in 2 of red
2

lof dial blue
2

means

lof dial red
4

3
of dial blue

4 -t

1 of dial red
3

1
.3pf dial blue

1
3 of dial yello

chance in 2 JO blue

nce in of red_
means -tA.

thances 1r

chance in 3 of ,red

Means 1. chance in .A of-b1u

red cubes

and --- means

blue cube

chance in of yello

e
2 chances in of.red

chance in 3 of blue

means Chance of red = 1 mean's P(R) = :1

means Chance of l'ed = 0 means P(R)

means

means

Chance of red =

Chance of blue =

Chance of red =

Chance of blue =

Chance of red =

means Chtince of blue =

.Chance of yellow =

}

means
P(B) =

P(R) =

P(R) =

means
P(B) =

PM) 6,

,

means

O

s

Chance of red =

means 11* Means

Chance of blue =
-3

P(B).=

4 3

/14



12. A spinner has a dial which is evenly diVide into red, white, and blue

spaces. Write a number sentence that desc the Chance of getting

blue.

13. Write a number sentence that answers the question, "What is the

probability of yellow on the spinner in Problem 12 ?"

14. In Prdblem 12 NR) =

15. Write this number sentence (about Problem- 12Y in words: P(W)
1

.
ft

16. A bag contains several maftle(s. Some are red, some white, and the rest

4. blue. If you pick one marble without booking, -the probability of red is -1-

-
3r 1

and the probability of white is .j,. What is the probability.of blue?

17. A bag contains one red marble, two'white ma ales, and three blue

marbles. If y6u pick one marble witho ooking, what is the probability

that the marble willbe red?

18. ID Problem 17 , what is the probability thatthe rblewill be .

.. white?

719. In' Problem 1 ti what is the probability4that the marble Will be

blue?

20. In Problem 17 , how many white marbles m,ust be added to the bag

. to make the probability of white equal to ?

21. 'Write the following number sentence in symbols: "The bility of -
yefrow is equal to three-fourt s'"

A.

49
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22. A wooden cube has a dot on two of its faces. If it is tossed on the floor,

whatis the probability that a face,with a dot on it will_te on the bottom

. when it stops rolling? .

23. In Problem 22, what is the probability that a face withouta dot will be

on the bottom ?

24. The dial of a spinner is divided into thre,g colors: red,, white, and ,blue.

If PR 1 1
= sand P(W) = -4-,

-
what is the probability of blue?

25. In problem, 24, is the probability of red greater,than, leis than, or

equal to the probability of blue?

The dial, of this.spinner is divided intrequarreg-ims:

26. P(3) .=

27: p (10) _

28.. Is. p(4). =

O

,/

The dial of this spinner is divided into 6 eqaregiOns`.

29. P(2)

3a- P(5) =

4



Brain Teasers

1.- .John has len pairs of socks in a drawer. Nine pairg.are red and one is

blue. If he picks the socks ale at a time without looking, how many

socks must he pick to be sure'ne has two socks of the same color?

2. A bag - contains several marblds Some are red, some white, and theiresi

blue. Itthe probability of.picking reci, is and the probafillity of picking

white is-1, what is the probability of picking blue?

In-Brain Teaser 2, what is the smallest number of marbles that could

be in the bag?

In Brain Teaser 2, could the bag contain 48 marbles?

5. In Brain Teaser 2, if the bag contains 4 red marbles and 8 white

marbles, how many blue marbles does it contain?

oat 6

51
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Exercises Lesson 7.

John and Paul each have one white and one'green marble. JOhn picks

one of his marbles without looking and then Paul picky one of his. The four

possible outcomes, are listed in the table below. Complete the table on the

right to show the outcomes iri a shofterway.

John's Paul's
Marble Marble(

Whit)) White-

White- Green

Green White

Green Green

John's Paul's
Marble Marble

1. W. W

2.

1. What is the probability that John'picks a white marble?

2.- 'What is the probability that Paul picks a white marble ?.

3. What is the probability.that both boys pick white marbles?

4. What is the probability that both boyS pick green marbles?

5. , What is the probability that the boys pick a marble of the same

color?

5-2
4
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6. a. P(WW) = ; P(Not WW) = .

'b. P(WG) = , P(Not WG) 7 .

c. P(GW) =
.- t.

, P(Not GW) = .

d. ..P(GG) = , PfNot GM = .

e: P(WG or GW) = P(Not WG and Not GW) =

7. a. P(GG) + P(WW) 7-

b. P(GW) + P(WG)
3

c. 1?(W + 13(N s WW)

8. a. If John icki a itemarble, what is the probability that 'Pawl

will no k a_whie marble?

b. Does John's outcome have any effect on Paul's outcome?---l'

9. a: If John picks a green marble, whatis the probability that Paul

also picksia green marble? ,-

b. Ones dePend,on what John
1

picks?

/ 16. What is the probability that Paul will not pick a marble of the same

color as John's ?

O

53

tr.

et
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A bag contains three marbles, one red, one white and one blue.

Imagine,that you choosevope marble without looking.

11. P(R) =

12. P(R or W) =

13. P(Not B) =

14. 1 P(R):=
x

15. P(R) +13(W) + P(B) =
-

The dial of this spinner is divided into six equal 'regions:

16. P(3) =

17. P(Not 3) =

18: P(5 or-6) =

19. PH or 3or iror 5 or 6) =

20: ,P,(2) =

21. Areqhe events in Problems 19 and 20 complementary events?'

22. 1 P(3) =

23i 1 PINot 3f-=

24. P(3) + P(NOt 3) =
54

gq.
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Exercis s:- Lessan, 8. -4'

1. Complete the tree diagram and the table

to show the possible outcomes of two spins
.

.

this spinner.

Tree

First Spin Second.Spin
- First

Red

Red
Spin

Mep

Blue

Second Spin

Red Blue
Red

a. P(RR) = c. P(BR) =

b. .NNot RR) d. P(BB or RR) =

2. Complete this tree cliagiam and 4he table. Show

all the possible outcomes of the toss of a coin and

ane spin on this spinner. The dial is divided into

tthree,equal regioris.
Spinner

Coin Spinner

Coin

434

R Y

a. NHY) = . c. KIR) =

b. VTB) = d. NNW =

e. NNot HB) =

55
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Complete th is tree diagram and the table to

.the possible outcomes -of tWo,spins;

The dial is divided into three equal regions.

First Spin Second Spin

R First

Spin

(

-7\

4

R

;1)

Second Spin

B,

f(
The total number of outcomes is

ia. MB) =

b. 15(1R) =
,

c. P(Ifet IRr=

d. NBY or RIR) =

e. (RY or BY or YY).;

f. ( ow many possible outcomes are

three time?

t

O
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Complete this tree, diagram and the table to show

alltheesiible outcomes of two spins with this

spinner. Tthe dial is divided into four equal regions.

First Spin Second Slain:* .
O

4

f

Alt

4s.

First
Spin

Second Spin

. Co
.

1 1,1, 1,3

i
. . .

4.

The total'number or outcomes' ic

a: P(3;4) = " .1

b P(2,3 or .

P(Net :4,2) =

d. P(Not 1,2 Ands Not 3,2)' =

e.' P(Two odd =

f. P(Not two odd numbers) =

.c)(Three odd n um hers) =

( h. P,(Two odd numbers or two even _

; ,,_

1. P(At I-east one 1)y

j.P(Not;more than one odd riumber)

k. 3Th'is spinner' i ,spun fourtimes.

IlOw'many possible outcomes 'ate-

.. °' there? ,
.

57.
.

-%

.



t

-Cdmpliete this tree diagram and the tables to

show all the possible outcomes of three spins:

The dial is divided into three equal regions.

First;Spin Second Spin Third Spin
R

R

R First
Spin

Second Spin
R-

R

Third Spin

RR

RB

BR

YR:

a. P(RBB) =

b., NYRB) =

c. P(Not BRB) = '
d.

) ;

r.

e. NYIUR or. RRR)=

f. ,The' probability that the

colors Will be-theisame on

three spins is



6

5

6. Capplete the table to shoW all the possible sums of the dots on two dice.

Number on Second Die

f

1 r 2 3 4 4; 6

1 )

, 4

2 *3 '
3

4

5 10

6 .. . 12:

t

a., One way to get a sum of 7 is to get a 1 on the first die and a 6

on the second die. .We can write this as (1,6) . There are five

more ways to get a sum of 7. List them beloW.

( , 1, ,* (4 , '), ( ), (, ), ( , ) .

-b How many entries are there n the table?

c. Hoil many po5sible.e5nt,ries.are there when you toss two dice?" ,
e

d. Of the entries in'the table, how maniare

e. What is the probability of getting a su,m of 6 when two dice are
)

$4'? tossed?

.f. How many of the entries are odd numbers?



4

What is the probability of getting a sum that is'an odd number?

h. How many of the sums are either 5's or '?

i What is the probability that the sum will be either 5 or 9

J. (1) P(sum = 3)

(2) P(sum = 8) =

.(3) P(sum = 12) =

(4) - P(sum =, 2) =

(5) P(surn = 11)=

'

(6) P(s= = 2 or sym = 12) =

. (7) P(sum = 6 or sum = 8) =

(8) P(sum = 5 or sum = 9) =

. (9) P(sum_ -I 7)

. (10) P(sum > 9)

7. Fill in the tree diagram and the tables to showall the outcomes when

three coins are tossed. Use it to answer questions a ,through j .

First Coin Second Coin Third Coin Second Coin

First
°Can.44,,Af

°

H

First
and

Second
Coins

60

Third Coin
O.

H

HH

HI

TH

TT

,

.



a. What is thp total number of outcomes when three coins are

tossed? .c

b. How many of these outcomes include thi:ee heads?
/

c. What is the probability of getting thaelheads when three coins

are.tossed?
I

d. How many of these Outcomes include two heads and one tail'?

e. What is the probability of getting twa heads and one tail when

three coins are tossed? ,

Wh$is the probability of getting threelails when three coins

Tre tossed?

g. What is the probability of getting at least one tail when three coins

are tossed?

h. What is the probability that you will not get three heads or three

tails when you toss three coins?

i. Whiti the probability That you will get heads on the'first coin?

O

414'. b

P(3tieads), -. (6) P(No heads)
,

(2) P(2 heads, 1 = . (7) P( 3 tails)

(3) P(Not -3 heads) =. . (8) P(No tails)

(4) P(3 heads or 3 tails) = (9) P(At least )'head) =

(5) P(At least 2 tails) = . (10) P(At least 1 head
or 1 tail) -=

61
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8: Complete the table to show all the possible

sums of -numbers on two'Thisp rrs. The dial is*

divided into twelve equal regions.

Second Spin

1 2 3 4 8 10 11 12

1 2 3

r

.

. .

.

13

2 5 ,

-

..

3 .
.

.

4
. .

5 ,
,

,
,

12

..__.

,
. ..

3 .

. ,

8

9 , .

10 ,..,
,.

11
1

. O

. 0 .

12 .

.

. , -

.
.

.

O

many entries are represented ilrOhis table?
53,

b. Of these entries, how many are 9's ?

tc. What is the probability of getting a sum of 9 on two spins?

d. P(sum = 5) = e. P(sum = 12) =

1.- 'Mum is osid) = g. P(sum >)- 18) =

h. P(sum "< `. 1.' P(sum 1 =

Which sum has the greatest probability?

k. Which two sums have the least probability? and

62
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9. Complete the Stable to show the possible

products of numbers on Iwo spins. The

dial is divided' into ten eqbal regions:

econa spin

6 7 8 9 101 2 3 4
0

5

1 1 2

'8
. ., , 20

..

4 I

:
.

. .

5 ,- 15

6

8

.

-
\. .

9

.
.

10 ,7,0 .

.a. How many entries are represented in this table?

.b.. Ho many times is there a product equal to 16 ?

e. What isihe probability that a product equals 16 ?

d. 15(1) "
e. P(27) =

f. Neven number) =

g.- P(16 < product < 30) =

h. - P(multip,le of 5) =

i. List the prodOcts which hav'e a probability of

63 o
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Lesson 9 "Both, and ;,either, or"

A bag contains 3 marbles, one red, one green, and one white."

Lets draw a marble, note its color, and return it to the bag, Shake the

bag and draw again. .\"

P(red on first draw) = 1 ,
3

Ngreenion second draw) =
1

We want to find the probability-Of getting both aired marble on the first

draw and a green' marble on the second draw. Complete the table and tree

diagram of the possible outcomes.

First
Draw

Second Draw P.

Red Green White

rRed R 1

Green'
White

First DraW. Second Draw

G Both the table and the tree

show-.9 possible outaomes.

Only one of them7is Red on_

the first draw 'and `Green on

the second draw (RG) .

PIRG) = Moth 'red on first and 'green on second)

NWR) = : . \ NWW) =



Let s riiliortlitSiiiiie'bag _With, 3' marbles, pne red, one green,

and one white.

But now, what is the probability of either red on the first draw or green

on the second draw or both red on the first and green on the second?

Look at the table of the tree diagrati we just made. There are' 3

possible outcomes in which the first draw is red:
40*

, RG, and

There are also 3/ outcomes in which the second draw is green:

R G , and

Notice that you listed one of tie outcomes twice*. Which one?
4

Therefore, there are only out omes with either red pn the.

first draw or green on the second; or both re on the first and green on

the second.

They are , and

We can count to see that

Neither red on first or green on second or-both) =
r

P(either R on first or W on second or both) =

2. P(either on first or G on second or bo =

a

(1-1

P( R on 'second or W on first or G on first) =

P( oq first or G on first or W on first) =

65



Think of the same bag and three,marbles, red, green, and white.
L.

Jhis time we do'not replace the first marble before we draw the second

marble. What is the probability of red on the first dr5w and,green on the

second draw ? 0

Complete this table to show the outcomes. Remember that if we draw

a red.on the first draw and do not replace it, it cannot, be drawn on the

second draw. So R,R is impossible. Is G,G possible?

First
Draw

Second Draw

Red Green White

Red ,impossible R 0

Green
White W R

A tree diagram would also show the-possible outcomes. As you complete

it, be careful to include only the possible outcomes.

k

First Draw

R.

Second Draw

G

R

66
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1. How many posAible outcomes are there?

2. What is the probability of red on the first draw?

O

3. What ishe prsobability of green on the second law?

4. ',What is the probability of both NCI on the first draw and green on the

second draw? (Look for RG in the table.)

0.-
5. What is the probability of white on the first draw?

- 6. pat is the probability of both white on the first draw and white on the

second draw?' o.

List theoutcomes which show a rec 9n the first draw,, or a green on

the second draw, or both .

8. P(either red Qn firstiorAreen on second or both) =_

.9. P(either green on first or whiteOn second or both)

10. ?(WW) =

11. -The probability that white will be drawn' on either the first'draw or

second draw or both is . Does the phrase or both"

affe-ct this statement? Why or why not?:

lig 4

12. The probability that white' will not be drawn at all onotheJwo draws

S

41'

U

6
1

0
pt n

000

0



Exercises Lesson 9.

Use this spinner. The dial is divided

into ten equal regions.

1. What is the probability of red?

2. What is the probability'of blue?

3. What is ttie pritability of a 7 ?

44. .13(5) =

5. Pleven number) =

6. .P(odd number),=

Let's try our phrases "both, and" and "either, or to find:

7. the probability of both red and even;

8. ie probability of either 1;0 or even or both.

Complete this table to help you find these probabilities.

Colo

Numbers

0 6 7 9
'Red

k,
R 0

P

, R,4
. ..e#

Blue
a.

. . , B 6, ....,
.

,.:...1

(Check your spinner is a red47 possible?
P

0

9. How many possible outcomes are there?

Lislt the outcomes whic.li are both red and even:

R , 0
9

GI*

Now answer .Quesficin 7 . Ilf3thoth red and even) =

63
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12. List the outcomes -which are red:

IP

13. How many outcomes are red?

14. List the 'outcomes which are even:

15. How many outcomes are even?

1,

.4 .1

-

16. Ho any outcomes in Problems 12 and 14 are listed twice?

1f. Now answer Question 8 . -Neither red or even or both) =

18. P (-both red and 2) =

19. P(both blue and 4) =

20. Neither blue or even or both) =

'21. 'Neither red or odd or both) =

22.4 P(both .red and < 4) =

23. Nred or > 4) ='

24. Nblue or*'> 4)

25. Nblue or red) =

26. P(both blue and red) =

27. P(both red and > 4) =

69
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Brainleaser Quacky Quotients

This is a game ror two players. You need two spinners numbered 1' to 9:

I
(You can use the spinners labeled 0-9 and spin again whenever

either spinner stops on' a zero, or you can cut out a new dial, dividedk,

info 9 equal darts, and place it under the-pointer of any spinner.)
./

Eath player spins once. The one with the latgernumber is called

player A and the other is player B .

Each player spins his spinner., The number on.player A's "spinner ais
re

divided by thnumber on player B's spinner.

. If the first digit of the quotient is a 1 or or 3 (or .1' or .2 or .3),

player' A wins a point. If the first digit of. the quotient is 4 or 5 or 6 or 7 or

8 or 9' (or .4 or .5 or .6 or .7 or..-.8 or .9), B'in4ris a point. Thus. A wins

on 3 orthe 9siggiibilities while B wins on 6 of the 9 possibilities.

Is it a fair game? Play it and then decide. Here are examples:

A, spins an 8, B spins, 3 .
8

= 2. + So A wins.

et spins a 7, B spins a 9.

A spins a 1, B spins a 4

7
= .7 + B wins.

1
4- = 25 . A wins.

A spins a 3, B spins 5. B wins.

Spin 20 .times and see who wins. Play.several games before you dedide

if this is a fair game. 'Then make a table to show all the po/ssible quotients, in

this game.' From this table yOu can see which player has an advantage. What

is the probability that player A win a point on one set of spins?
o

wethat player B will win On one set of. spins? Why could v not use

0 on the dial- in this game?

70
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The Pas-c-al i-riang1e::-.1,esson 10. : , - . .

. 2-
Lisle some of the activities we ive.tried which have had two equally x

likely outcomes.

a. SOinner.
1

red,! d.
2

b. e.

, .

. We will make ttee diagrams for one of these activities, tossing a coin.

Show the possible outcomes for two tosses.

Tree

First Toss. Second Toss

H'
T.

T

Table

2H, OT 1H, 1T OH, 21.

H H HT TT

T

Number of outcomes

Complete the tree and tablr for 3. tosses.

First Toss Second Toss Third Toss

H

3H, OT 2H,1T 1H, 2f OH, 3T

H H H H H T

Number of outcomes 1 3 1

r
4/ '
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Now Flake one more tree (for four tosses) .

First T* Second Toss Third Toss Fourth Toss

List the outcomes in the table.

4H, OT 31-It1T 21.1 2T 1H 3T OH, 4T

Number of outcomes 1 6 4

. 72
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0 Let's organize our data from the tables into
a triangular display.

. First Toss

. Second Toss

-
Third Toss

Fourth Toss

Fifth

Sixth

Seventh

Eighth

Ni4.

/13 Ninth

H2OT

H ,OT

1H2OT

311,6T 2 H ,1T

.

4
IH,1T

2
'01,1T

3
1H,2T OH,3T

OH,2T
(Look at the first tablei)

:6 4
2H, 1 H,3T

O

ti

. Tenth
_

*N.

(From the second tabte.)

o14:4-r

:Look at our:display. Do you see a pattern? Do you see several different patterns?
Can you coniplete.the fifth row (5 tosses of a coin! without making a tree or a table? 74
Go back4o the fifth row and try it. .



4

Your fifth row should be .

151
5H,0T

5
411,1T

lb 10
3H,2T 2H, 3T 1H,411 OH,5T

Did' you write this row so that it continues the triangle?'

This pattern was noticed by a 17th-Century mathematician, Blaise

Pascals So it is named the Pascal Triangle.

Go back to the triangle and complete rows 6 through 10. Dorr_t)ush

through it. Pike a ruler so that it touches the ends of the l's . Draw a

light line down toward the "Tenth TOss". Do the same on both sides; it

will help you keep your display in order. Always work ngatly. Your results

will be used to answer some questions.-

Now go Ocklo the first row of the triangle. Write in, just to the left.

of the words '''First Toss", tie number- 2. The 2 stands for the total

number of outcomes for one toss of a coin.

Just to the left of "Second Toss", write a 4 .to sti6liptit represents 4

outcomes-for 2 tosses of t. coin: What, shout you wrife'to the left of .

"Third Toss" ? Complete by Writing the total number of

outcomes for each row. (The 7th row is 128 and the 10th row is 1024.)'

Do you also see a pattern to this column of numbers?

What is the pattern?
a.4
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Use the Pascal Triangle tcanS*Wer these questions.

1. How many outcomes are there for 2 tosses?

2, ,How many outcomes of exactly 2 heads are there in 2 ilbssei?

3. In 2' tosses, Pc-2H) =

4: In 3 tosses; P(3H) =

5. - In 7,.toss'es, P(71-1) =

6.- In 7 -tosses, P(7T) = .
O

69

7. In 4 tosses, how many possible outcomes are there?

8. In 4 tosses; how many outcomes can yOu expect tb be 2H,2T ?

9. In 4 tosses, P(2H,2T)

10, In 4 tosses,. P(3H,i) =

11: In 6 tosses P(4H,2T.) = .

12. In .6 tosses, P(2H,4T)

13. In "10 tosses, P(8H,2T) =

14. In, IOC tosses; P(2H,8T) =

15. In 10' tosses; P(5H,5T) =

16, If you toss. 10 coins at one time, is the probability of A heads and

6 tailtmorerlikely or less likely than 7 .heads and 3 Ails?

Brain Teaser. If you toss 15., coins at one time, the greatest probability.

would be fo *heads;, 't8ils, and 'for

heads, tails. .

AMP



Let's see how we can use the Pascal Triangle to help us answer other problems.

Look at the third row.

If the question were,' "How many different combinations of

exactly 2 Heads are t4re?" , you would say

This triangle can be used to answer many qUestians.

Use the third row again. There are 3- people.' How many different

combinations of 2 people can you choose from 3 people? (Look at 2H,1T .)
4

Exerc ises -lesson, .

Use your Pascal Triangle to answer these questions:

1. From 4 people, how many committees of 2 can be chosen?

(Look at 4th row, 2H,2T 1.

2. From 4, pebble, how many,com ees of 3 can be chosen?
.

. 3. From a group of 7 people, there are:

a.. HO many1different committees of 3 people?

b. How many different committees of 4 ?

. c. How many different committees of 1 ?

.How many different committees of 6?

e.- How many different committees of 7 ?



Exercises ,-,-Lesson-.10 (continued). -4

4. a. In hoW many different ways cansa committee of 6

a group of 8, pupilS?"`

71.,

be chosen from

b. In-how many,different ways can a committee of 7 be choSen from

a group of 8 4)upils'i

C. In how many different ways can a committee of 8 be chosen from

a group of 8 pupils?

The teacher" asks for 3 volunteers to go with her to the library.

However, 9. pupils volunteer.:

a. In how many different ways can the teacher select the 3 to go

with her?

If the teacher could select 4 from the 9 pupils, how many

different groups could there be?

There are 5 flavors of ice cream: chocolate, vanilla, strawberry,

black walnut,, and peach.

a. In,how many different ways can.you' choose 2. of these

flavors?

In how many different ways can you choose 3 of these

flavors?

c. 4n how many different ways can you choose 4 of these

flavors?



S To Do At Home Lesson 10.

1.4 The Pascal Triarigle can be used to show the different possible outcomes

in making selections. It is a pattern and we expect results sirpilar to it.

To compare the actual results with the pastal Triangle, toss two coins and-

record the.outcomei*on the chart and on the graph.

CHART

\ Toss
Number

2 Heads
0 Tails

1 Head

1 Tail
0 Heads

2 Tails

1

-, 2
N

4 e

5

6
.

7
.

8 1

10
. ..

11 ,

12

13

14
15

16 I
-17

18

19

. 20

'Totals

,

o -
,

20

19

18

17

16

15
`n 14
ovi 13

12

11

10

9

V= 8
7

2 6.

5

4

3

2

1

0

BAR GRAPH

P

.

. .

., . .

, .

.e.""

.
1

. t,

v)
lc; v) ID

,
N

4.1=) v)

= 1 2 i 2 1--,
C 1 C) rri r'''l C) KI

Did 2 headsioccur about as,oft as 2. fails? ,,
b.' *Did 1 head, 1 tail occurrabo fitice es often as 2 heads?
c. . Were ydur'results about what hought they might be? ..

79
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2. Make a windmill with twoVanes. See the Appehdix to learn how to make it.
Color each vane red on one side and blbe on the opposite side. Blow on
the vanes and then place the-windmill on a fiat surface to see which
Vanes are up. Mark the chart to4show how the vanes stop.: bothvanes

'-°"--tqdr one vane red and one vane blue, or both vanes blue. Show the
tot is on the graph.

CHART

( 'Spiti
,NuMber

2 Varies Red
0 Vanes Blue

1 Vane'Red
1 Vane' Blue

0 Varies Red
2 Vanes Blue

. - .

. . ,

4 . i

6
,

I,
7 ,

..---

, _

10

.11 "so.
12

X13
-14

15 . L .

'. 16
.

17 .

18

19

.

Totals", rile.

BAR GRAPH
20

19

18

17

16

15

14

51213

12

11

:3", 10

sg

8

L 7

6

g. 5

z 4
3

2

1

t

. . .

, .
1

6
° 4

t

...

a)

Ce 0:1 0) Ce al
cn In = on In IA
CL) CD CD CD CD CDCCCCCC
CU ' CU CU CV CU 03> > >' > > >
(NJ CD 1---1 1---1 O C\ I

a. Would you expect the results of this experiment to be about the same
as with .the coin tossing° experiment with two coins?

b. Were your results about what you expected them to be?
c. Circleiyour answer. AbOut how many times would you expect an out-

come of 1 vane red and 1 vane blue if you did'this.experiment 1009
tithes? 400 500. 600

t80



'3. Toss three coins. Mark the chart and complete theflraph froM the

- totals.. Copipare your results with rov03 of the Pascal Triangl

VI,

C) rea

. .
-

i

o

-a v)
co :---

....4 ik. IACV`

. .

1
.

V)

03 ......,

= I
RI o-.1

.

.

.

.

.

.. ..

.

V)
-1=1 v.)

CD cr,= 1 ,

eirl C)

4

,,

e

-- ,

. (..... 0

111 L..
a)

8i =
. Z

11
,.

C.I. eel '1:3" LIN ID r-- oo cr, c) "I c%4 en .nzr Le-% %)=1 r-- do c- :t;

N
oo
cz)
17

BAR GRAPH

3 Heads
0 Tails -

. ,

,
.

2 Heads
I Tail

.

-

-------

-
. \,---?
-

.
1 Head
2 Tails

--1

0 Heads
3 Tails

a I

.

.

. 0 1 2 3 i 4 5 6 '7 8 9 10 11 12 13 14 1.5 -.16 17 18 19 2
Number of Times in.-20 Tog -es

a. From the Pascal Triangle, do you expect 2 heads, 1 tail, will occur
about as often 2 t ils, 1' head?

,b. Were your results about what you expected?
c.' If yo.u.tbssed 3 coins 600 times, about how many times would you

-expect all 3 coins to land with the heads up? a

8 1
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4. Add one more vane tothewindmiii You Mader so it will have three vanes.
Color this third vane red on one side and blue on the:opposite side. Blow

on the vanes and then place the windmill on ..a flat surfacelo see which
vanes,are up: Wrk the chart to shokhow the vanes stopped and complete
the graph from the totars. Compare your reSultstwith the Pascal Triangle:

4. p

a)
a)

V) in
Q.) Q.)C C
R3 R3> >

CD rel

.

it .

,.

.

,

.

.

.

C1)

1 7.7
=

C1) CO

tA,a, (1.1--E C
> >
-.4 cv

.

,

,

.

1::3 a..)
CD =

CC
CCI

(3.3 C1,3C C
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3Vanes Rid
0 Vanes Blue

,..,

, -.

2 Vanes ed ,,

1 Vane lue
1 Van Red
2 Van Blue

. ,

, .

N 4

0 Van s Red
3 Vanes Blue

.

_ f l 1 2 3 / 1 5 6 7 R 9 10 11 12 13 14 15416 17 18 19 7
Number of Times in 20 Spins

a. Were your results about what you thought they would b?
If you did this, experiment 900 times,,, about how many times would
you expechall 3 vanes to stop with red up?

100 200 300 , 400 500

4

You might-like to try this experiment with a windmill of 4 or more vanes.

82
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Conditional arobability :Lesson 11.

A coin is tossed 3 times. _What is the probability that at least two are

heads? LiStinijihe outdomes in atable, we have:

3H 2H IH OH .,

H H H , , H H T 1-1 T T I T T

KITH T H T
1

THH TTH

There are a total of 8 outcomes. The outcomes with at least 2 heads are:'

outcomes which have at leaSt two heads. So

P(at,least 2 heads) =

. There are

4

Now:suppose someone whispered to you, "The first toss was a head."

What is the probability of 2 heads now? Look at the table: The outcomes

with a head on the first toss`are:

. How many outcomes 6ave a head On the first toss?

1 Of these, pow many hub at lea Ow° heads?

Oat least 2 heads* if ou krfow the first toss is a head) = ....-----'
,--

This could be abbreviated to

P(at least .2H ( H on first toss) = .

Thisfris read, "The probability of at least two heads given a head on the firstI
toss." In this example, the probability/6f 2 heads increased

,
from

.

when we knew that the first toss was a: head.

40.

:
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What is the probability of at least 2 ,heads if we know thatthe.first toss'

-77

slows a tail? A list of the outcomes with a tail on the firstOss is:

THT, TTH, TTT

Of these: how many had at least 2 heads?
a

Nat least 2H f T on first toss) =

Continue to use the table of outcomes for 3 coins to answer the following

questions.

1. P(at. least 1H I T on first toss) =

2. '.1?(3T)-414

3. P(3T I on first toss) =
Ittv

4. P(at least 1H) =

Vm 1

5. P(at least 2H 2H on fir,st two tosses) =

0

6. Nat least 11-1 j T on second toss)

7. 1 P(exactly 2 tails -K , '

y8. P(exactl 2T 1 T on second toss) .=

9. P(exactly 2H I H on first toss) =

10. P(at least 1H,.1 exactly 1 tail) = .
.. .

..
't

0

0

0

V

0

0

0'

40
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Exercises -Lesson 11

Use this spinner. The dial is divided

into 10 equal regions.

1. On one spin .

=,

b. - NRe0)

:c. 13(2);

P(Not 2) =

.1 e. 13(7) =

f. 1Not 7).= .

g. .P even) =

. h. Noddr= .

2. , The 10 possible outcomes are:
%

RO, R1, R2, R3, R4, B5, B6, 071 B8, B9

.4

a. 134(both red and ev n) . To answer" (a.), find those

outcomes which a e red- (RO, R;1 R4), and of those which

are even' R4). Thus 3 of:the.' 10 possibleOutcotes are

both ed and even:

b. P(both.blue and even) =

c. Nr6d1 even) = Remember that this nieans,,"Th.e

'' probability of fled given-thal it is even."

Ptred I odd) = I . lv

,

Use the same spinner. List the numbers which are multi les of '4

a. Multiple of 4) =

.

"../

(be sure that you list three)

b. Nboth red and a multiple of 4) =

c. Neither rector a multiplee'of 4) .

s,d. -Moth even aid a mltiple of 4) .u

. \
3-k I

0

1
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7

e. P(redimultiple of 4) . P(multiple of.4),=

g. P(multiple of 4f red) = . h. P(multiple of 4jblue) = ,

it Which has the greatest probability, (1), (2), or (3) ?
.1?(even.numberV;

(2) 'Ffdven numberVed)
(3) Pleven num6eribliJO

vo'
omplete this table of outcomes of,two spins on this spinner. It has

four equal regions.

On two spins, the:

a. Total number of outcomes =

b. P(RR)=
)

c. Nat least one .10 .=

4-7 \

First
Spin

.pin ,

.R B G

R , -' _

.B ,

G

9

d. P(both R 'on first and G on second) =

e. P(R on first IG =

f. P(R. on secondjG on irst),=.

g. N at least one R R o6 first) =

P(ZR I R on first) =
6

Nat least one W.I R on second) =

Which has the smallest probability, (1), (2): or (3)-?.

(I) P(WW 1 W o firit) '1

(2) P(WW 1 W o

(3) 14) (WW)

t;-'

second) 7
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Lesson 12 .: Ghosts, Goblins and "Coins that Remember" .

1. Do you believe that there are ghosts?

2. Do yoU believe thafthere arR goblins?

Do you belie-ire that a'coin can remember?

:You- prokably answered "Noulb all these questions.. Yet often we hear

peop16 talk as if they believe that coins can think and remember. 'They really

do not un rstand the ,
ideas in the law of large numbers. Most people call it

the law`of aver ges, and they often draw wrong conclus)Ons from_it.
a

You have heard people say:

"I hatetossed an honesrroin four tames. Each time it came up. heads:

. The law of averages sayiWiat the next toss will be tails.'.'
, ./.,

DO you, believe that 'tti/ xt toss is mole likely to be tails thin heads?

B. "My teacher uses a spinner tot assign positions for the baseball ga,nie

of "work up"., I haven'tbeen assigned as a pitcher yet this year.

Therefbre by the law of averages, P.m sure to be assigned as pitcher

C.

dr

todayel' =

! . .1

Do yo lhinkthat this pupil is more likely itan(not

a. pitcher?

to be chosen as

"I have been tossing an honest Iri 23 tosses, the 'face with one

/clot on it has never been up. By the claw of 'averages, it is very likely

that it will come upon the next-toss."

Do you think the face with onie 01. is more likely than any other' face?

87 ,

a
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Let's look at each of these examples of a misunderstanding of the "law.af

a

averages". Look back at statement A .

A. A coin does not have a memory.-.It cannot "remoter"

that-it has been heads on the last four tosses. There is

an equal chance for heads or for tails on the'next toss.
aa

81

s We can use mathematics to prove at it is "unusual" to have a coin.

show fouheads'in four tosses. W ocan dr:ft a tree diagram, make a table,

or look at the fourth row in the Pascal Triangle. How many different

oLltcomes are there when 4 coins are tossed or when one coin is ,tossed

4 times? How many of these outcomes consist of four heads? So,

P(4 heads) =
1

16
J

A

4

However, this also means that we expect 4 heads in A row, once every
. \

16 times that we toss 4 coins. The coin while flying through theairop '-

the fifth toss cannot say to itself, ;'Well, that's 4 heads in a row; I
-

4

better twist a bit more and be sure to !and tails or' I'll mess up the 'law of

-averages' ." TheTrobability of heads on the next toss is of course -1 /tth
i . z 2 '

s me as any.other i.r dividual toss. Some people who_qiisunderstand thei .

s - 1 .7 .1
f w of averages think the ptbbabliity of ils is much gre r than after

coin has ,been h at times in row., DO you know people like-this?
,.. . . .

hey have'forgotteii thatwhat happens on one toss has NOTHING to do with

hat will:'.fippen-iiri th44t-toi.- 6,,,._ .

-..._, .,...; ,....
.. . , , ..

::
..... 6

4 . :n
. . f' L

I , .4, ,, A. ,

*,.= 0 , +0

;7

f-
°

'
d
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Refer-.to statements 'B and C .

B. If rere are 9 positions on the basebalgi field, then the

¶robability of getting any one position-is 1 out of 9.

The fact that, this.pupiNas not been a pitcher yet does

not cause the spinner to favor one position for him over

the others. He.sti,11 has only 1 chance in 9 of being

a pitcher today:,
0

C. This person is overlooking one sitnple,fact about a dir
t

it cannot think! It cannot say, '"Let's see now. I know

the probability of of any face. is 6 . Idiy.face with one dot

on it has not been up in 23. tows,- so on th'e next toss.

I'11 land so that the,face with the one dot is on the top."

This person is thinking, "One face hasn't been..up for a long time, so

that face 1s more likely to. come up than any of the others." Thi a mistake
. .

J. about the law of averages that pope often make. He doesn't really elieve

that dic9 can think, yet he is acting as if they could. Each face on a diehas
' .

just as much chance to be uryas any other' fa i If the faceriitli one a's

not been up in 100' tosses, it tiflihasino,m;e chance than any other face

totbeup On the next toss. f ct, it has just one chance-out

a

89
,. A
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Can you think of other correct or incorrect statements that you have

hearciAout the law. of averages? List some of them.

_/

3

Why do so mak/ people misunderstand the law of averages? It is too bad,

but we all believe things and arrivit conclusions which just aren't true.

Which Of these statements are false?

1. Lightning never strikes twice.in the same place.

2. If you handle a frog, you'll get warts.

3. The end of the Panama Canaron the Pacific Otean side is

'farther-west than the end on the AtlantisOcean side.
2

4. Horses are smarter than,.pigs.
r.

5.. George Washingt9n-threw a dollar across the Potomac River.

6.- Columbus discovered AmeVica.

I

people believe som of these statements. Did you believe any of

them . If did, it iSn't at all surprising. owever, the six stat!rnens
) .

are all false. Most.of us b I f eve gime thiri9nOich really arenitrue. Why

is this so? There are ma y real ns. AmangletWe; ''' j '' -.
r

/I. Weare told or we haVe read something which is n rtre^, but ..

6

we rerun* it:
*4-

2. We did not understand what wemeretold or what we have read.

We reasoned incorrectly.

Our experience causte us to believe something that wa 't true.

4.



5. We jumped to a conclusion without knowing enough facts.'
r,

6. We failed to check' our belief against the fads.

This list c Id go on and one. TheinTray be other reasons that you cart,

think of. People arrive at false ideas about the law of averages for many

these same reasons. We can be fooled unless we are very careful. We

might believe that an outcome, such as hods on a toss of a co'iri, is bound

to chien if it hasn't happened for many tosses. It is easy to witierstand

how our brain fools us in t ase. It tells us that forfora large n-Umbr of

tosseof a coin, heawill occur a ut half of the time and this is true.

This is ai example of fife law of large numbers. Then we observe that heads

hasn't occurred for several tosses and we make the mistake of thinking that

heads must now start occurring more often to "catch up" with the number.

of tails. This is not true. Remember; a coin can't think: On each toss,

there is just as much chance fol heads to turn up as for tails.
. 4

By using mathematics, we can learn many interesting things. For

dim*, froV15 children in your "room, there are 6, 435different Ways.

yr can have 7 hildren on a commi If you choose a 7- member
to r

committee from 30 students, you ha e a choice of 2,035;800 different

.cotiiiittets. Anoth'ehxample if a oin has been tossed.and Iieadstave
1

occurred 7 out of 10 times, chances;are less than .2. that tails will

"catch up". in 100 tosses. The mathematician can tell'whatIwill probably

happen in cases such as this.

The nexttime.thafyo hear some stateinentabouf the,"law of averages'.',

.listen caiefuliY. Try to find What the Person believes and see if fiecis using
z 0 -- .

1 4 1, ; 4 0. .,

it correctly.

'''
,

,



'Exercises Lesson. 12.
,

`. Mark these TRUE or\FALSE

4.1

1

185

41. You have been spinning a epinner that has a dial whiCh

is
1
2 black.and red. The last four spins have landed

on black. It is more, likely that the spinner will show red
4,

on the next spin' than black.

The last five new pupils who came-to our school were boys.

The chances are better than equal that the next new page"

will-be a girl..
r

3. Jhe iospital reported that the last everf.babies born there

wer\giris. ,It is more likely that the next baby born there

will be a boy thanAhat it will be a girl.

The weatherman says 'that orOhe average it rains 4 days

during the month Of July. Today is the 27th of July and it

has not rained all month. There!ore, it will rain/ tomorrow.

An auto dealer has- 250 new cars and he kn ws.that one

out of every five new cars .4-sells is colored bpck. .This

week, he has sold a blue,' a white, a green, anda grey car.

It is:More like7than not that the next car he sells' will

be a black one. .

0
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Things Do At Home t- Lessoh

48

'TOE e per-iment may help you to see why some people draw wrong

Gonclusio s from the law of averages. /
; .

prolitertt
, .

How maify times,' on the average, do you think that you wotiLd ave to
. . .

toss a coin before it comes up heads? IJSq the chart on the next page.

Procedure:
. ,

Toss a coin. Count the number oftoses until you et ahead. For

example: If you get a head oh the first:toss, write.' in e tolumn. jult s

to the right of i!lst head" . Start over'. If yclu d ot get ahead until the
-

fourth toss; Write a 4 just to the.right of .".2nd hear. COntinue yntil
,-,

. columnhave completed.co A.. Repe.at for,c-olup*B through E. Eath
...

column provides,spaeps to'recd.H the tosses-for io 'heads.
sf)

After you have t Sod 50 heads .add the number of tosses to get each
.

group often heads. Divide each of theseVms.by, .V,find the aver

riunTher of tosses needed to get one'heaci:.::Y::._.

then,- addlhe sums from the ftvecolurtiri's*;", by. 50 ; This
4

give the average number of tosses to get one
,;

Is this avei4a§e closer
. .

to4 2 than the average f(pr each of thefive cplumh$7 How irony times did
.... . ,.,

it take more ttian 5 tosses to get a ffed?, How.'iikny Pird6S did it take, 2

tosses to get a head? How many times did it take only rtossillo get a head?
7.:!::: . J-..._. 7. 1------;,..

-7.;....:,, ,

:93:..:



1st hea

2nd heads;

'30 had
. ,

4th head

,:'5th hea

6th head

7th head

8th head

9th head

10th head

SUM

6

SUM = I0

A,

Number of Tosses to-Get a\ltd

C

87

Perhaps now you can see why some people misunderstand the_law of

averages. With many tns'es of a c)in, live do ee'that abut half of the

tosses are heads: That is, It takes, 2 tosses, On the average,. lo get heads.

But, when you tossed a coin, you found that sometimes.you tossed a head

on only 1 toss. ether times, you had to toss the coin Several times to get.

a head., This should help you understand that these people fail to see...that
1 . .

the" avera0"jis ma e from numbers, that differ quite widely and that there

is N4T a "laetw ich. 'says that you must get a head after tossing 5 tails,

for example.
4,1

94
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APPENDIX Probability Dev:ices- t90

This appendix suggests devices which you might like to mike. You can

think of games which can be played with them. Decide how to organize and

-record'the data. These devices can help xou in your study of probability.

1. Regular Solids'

We have used coins, dice, Cubes, cardsitond othr materials to help

learn about-probability, but there are ma'ny,devices which are just as useful.

TH patterns on the next six pages are for the Construction of egular solids-,)
which can be used in probability experiments. The patterns can. be traced on

tagboard and tftp solidi will then be sturdy enough to toss or roll.

The tetrahedron, octahedron, and hexaheelion(cube) are not difficult to

construct. iiist fold on the dottedlines and glue the tabs.

The dodpcahedron is more difficult to constr t 'Make the first-half of it

by cutting tb the dotted line at each arrow. Then fold on the dotted lines and

glue thre tabs. Complete by folding the second half and gluing it 'to the first

halt_tab by tab. 11 DO not make both halves and the try to pbt them together.

The icosalledron,appears difficdt to Construct, but it isn't. Cut to the

dotted line at ea h arrow. Then fold and glue.the tabs in order, one by one,

and it will work out nicely.

95
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If the cube is to have
"dots" on its faces, make
the dots as shown berom

If the cube is to be
numbered, use the
numbers.as shown
so that opposite faces
will have a sum of 7 .

;



o

I

V

fs.

. glue the. tabs

,/ N., , N *, ,., N,), N/r/

cut to the
dotted line at

each arrow.

After cutting it out!
glue the adjoining
tab to the edges:

i .

I

First If-of a Dodecahedron

9.9

- '47 4

A dod caliedron is a
solid ith 12 faces..
It mlly be numbered,

d, or even used
as a alendar



V . glue the tabs

e. N

"

cut to the
dotted line at

each arrow.

A-

'N.

. %,

After, cutting it out,"
glue the adjoining
tab to the edges.

,

N

FirSt half> of a Dodecih:Odron

9.9

4

A dod, cahedron .is a
solid With 12 faces.
It my be numbered,
color l d, or even used
.as a alendar

.114



After cutting this out, do. not
',glue adjoininglabs to the edge.
Instead, glue one tab at a time,

the first-half of the dodecahedron.

93

6

glue the
. tabs.

.cut to the
dotted line

at each
arrow

Second half of a Dodecahedron .

10 0 ;7

it





95

2.. Tops ,

For-a Small top
,

you need a piece of. cardboard, a wood dowel or sucker

.stick, a straight edge; -and a compasS. Use a two-inchpiece of dowel or

sucker. stick. Sharpen one end to,a point with a pencil sharpener:

Use a compar and straight edge to make the-diaHrom cardboard. Mark:

a point forthe center and draw a circle-with radius .14 inches. any

point on thecircle and, with that.point as center, strike an arc with (fie same

radius to intersect the circle: Continue to strike arcs around the circle..

4

, 1 Ir First point

,

Connect points. marked and cut off the outer part of the region to make a

hexago.ral region. Divide'it as desired. Here are some 'suggestions:

m
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.

.Poke the,sharpened end of the istick through the centereof the hexagon.

(A drbp of glue will help to keep from wearing too large a hole, but expert--

ment first to fin_ d th-e best'Olance'for the top.) Spin the stick, between

and forefinger. Spin the top on a flat.surface. The edge that stops against

the table is the one that is counted.

A large top may be made in_ the same way. An ordinary pencil makg an

adequate stick. It is a gobd idea,, however, to slit the Cardboard along the

division lines at the center Iefore inserting the pencil;-- Use glue to fasten

.t4 cardboard to the pencil.

. The top can also be made. with eight edges or with twelve.' Do you know
46-

how to 'do this?
4

a

,

A

4:

: t.

You can make a tOp,with two or three dials.. Use a sucker stick or thin

doyel_ 3-12- inches long and shapenedat one end. Make a.ciecular Cardboard

I

dial 6 .inches in diameter. Inscribe a hexagon, .but do not cut it out. Colas
...

shown:

f;
"'""-

,,i,,, 163.

,
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...

Insert the -stick through the center and glue the dial to the stick.

When the glue is dry; place over the dial a 9earing!' made of,a piece of

milk carton' 1 inch square With a.hole in'ihe middle. Make another al 6
. , -

'inches in diameter, but.if poS'Sible'use.cardboard that is -slightly lighter in
J '

weight. Inscribe a hexagon, color, and cut as-shown:

.

It

Make cuts 5 inches long on the

lines, as shownty arrows. 'Bend

the CardboarcLup On the right of

each cut to make a triangular

"wind- catcher ".
_

Place this dial on top of the bearing. Before spinning the top, line up the

two dials so that the colors -thatch. The bent-up cardboard will let you do

this.' Spin. Record the number ofspins necessary before the colors gain
4

snatch. How marry spins would yoii .expect it to fake?

10 4.
r
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'3. °Spinners.

Spinners whictistome with most games have a fixed dial and an arrow

Which spins. You' can make this type of spinner. Another 014.1nel:which is

easily constrUcted is one in which the dial spirts, as shown in the drawing.

Construct the base out:of heavy tag board. Una- -heavy paper clip for the post

and then various dials maybe exChabged and used on the base.

a

A
A

) ) ) 105

4
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Another spinner with dials which' go frOm large to small .can illustrate hoW,

items can be put into:an order. Each heavy cardboard dial is divided ihto a

rilithber of equal parts. The number of parts is the same as the number Of,

items to be ordered,. For example, to experiment to see how four rows in a

classwoom might be dismissed forfunch,' each 01 four dials is divided into four, /.

equal, parts. (A,dial is made fof each row.) /spin the dials end record how they

°line up with the arrow on the base. This- devZaan be. used to illustrate an

orderly way of arriving at and listing the' various arrangements.

7

Pa

0

4>

$

I
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Cut,fow plecesrof file card or tagboard to make two vanes.

L

4N a I

,Staple two pieces together in two plaf,,as as shdwp in Sketch B. Color one side
4. . I _

. of this vane red with a pencil or GreOn. Insert a sucker stick in. the riddle
. __ 1

..- _____.

between the two pieces. Use a piinch to make a pole iii.a piece of m lk carton
t.. , .

one -half inch square for a.",beating" Staple the other two iii,e6 s of file card

,together to make.aseolict vane. 'Mark one side as,.befq,re a insert the top .
. .

of:the stick betweyn them. Paste a strip of gummed "pipe or tape over one ende
I ,

of a small spool. Put the end of the stick into the hot at the other end ofthe

-,.: spool.. Holdthe spool and blow the. fire card vanes, They should turn quickly

. 'and ihdependently. .

. ).

-r- milk carton'be

'
),

Pradite blowing a few times/.

When vanes have stopped turning,

lay them gently on a flat surface

ring so that both vanes are flat on the

surfac,e Then reciord whether

both vanes are red, one is red

and one is white, or both are

white. After fifty trials, dotthe.

the results of the experiment

108'
it,with the expected results?

'
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Whirly-bird

This is another type bf windmill. .

Use-a section of quarter-inch dowel about two feet lung. Wax it by:

rubbjng it with a piece of crayon. Follow the directions as given for a wind-

and make 'as..man'y file-card.vanes and milk-tartobeaings as Asked..

Hold theClowel at both ends, vtnes`have
4

stoppedturning, lay the Whirly-bird gently on a flat surface so ttiat, all

vanes are on this surface. One vane corresponds to one-thin, so temanes

can be used to duplicate n experiment of "tossing ten coins ". Can you

think'of other' ways to olor the-vanes so that other'.aperiments can be
. ,-

done?

4

;. s
8

7 - -

t

1O9

0
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5. Spoon device t

/ 103

Use two plastic picnic spoons of different colors. Lay the fiandle of one

on the handle of,the other so that the bowls are at opposite ends and face
4 '. ' i %

opposite ways. .Fasten with two rubber bands as shown at arrows.

-b.-4 -.4 114 7f-

t

3

't

. Roll the handles between your palms and drop on a table from a height of

. °foot or so. The spoon on top counts. Is it just as likely that one spoon will
, .

be up as the.other?

Sam xes (Urns)

Many probability expert require a sampling to be taken in a random

manner. This device uses various colored marbles.
.3,

An oatmeirbox serves All as the container (u rnloe Cut' pound
.

" ten, .for example, in the bottom of the boX.. These holes should have.
.

_..diameter sliOtly smaller than.thenarbles,sxithe marbles can' be seen in

them.. Chinese Checker marbles "
servvell and come in 'packages

of 6:colors, 10 of each.
I.
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Example:. Tell a friend you have *60, marbles in the container. Do not tell

him how many there are of each Color. Use, for example, 40 white and

20 black. Turn the urn up 10 times and record the numberof black and

,white whictil show in each sampling. From-the to6I.,, peedictthe:0)bable

ib** whiteaKalacl(marbles in the urn. .

.

A second sampling box can

cylindrical) with% lid. It should be large enough to allow objects sucti-8

rnarbles.or small balfs.to roll around. Ina corner of a reaanguiar box or

at the bottom edge of a cylindrical.one, cut a h le just large enough to let

one object go through easily. With.the hole fiR, ake the box. Turn it

over in Air hand to Jet one objecf come out.

be made brusing a box (rectangular pr

S

Athird sampling device, a paddle, is made as Shown idthe drawing.

The holes are slightly smaller,in.diameter, than the marbles. Cut a box

as shown (a shod box works .Place marbles in the box. Scoop with

the plattdle "holeS*" are filled. i This" gives a sample of the entire

collectiori of marbles..

kt.
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Ega-Carton Sampler

An egg carton and some niarbiels_can'beUsed for experirrients. For

example, color alternate pockets of /he carton black. Place 5d black marbles .

and 5 whitestnes inside the carton. ,close the lid; turn the carton upside

, down, and allow the marbles 'to roll around.. Flip the carton' upright and

oren the lid. Recrd the,information you are interested in for example,

the number of black marbles in bled( pockets, etc.

r 11,3
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Hexawhirl

This gadget works like an ofd-fashioned button7on-a-,string toy., Cut from

cardboard-two circles with radiusl 13
4

inches.' In each, punch two holes just

big enough to insert a piece of strong string: The holes should be punched

on one of the s arneters of the circle, each' -1 inch from the center. (See
2

points marke X in Figure A.)

1

p

. -Th
t

,,..,

Make two or more cardboard hexagons. using a 2.2. .inch radius for the first,
.

a '3 inch radius for the second, etc. Cut a hole with radius. 14 in
4

A I

the middle of each hexagon and number the sides 1 through 6. (S,:ee

Figure B.)

,-,
B'

. Use a strong string ,50 inches long. Insert one end thrbugh a hole in one

the circles, throughlthe smaller hexagon, then the larger hexagon (making

'Safe th numbered sides face the same way), and then through thiother,.

'circle. Leave a loop of string beyond the circle'and insert thCstritig tliough

the other hole of the second circle, sack through the larger. hexagon, 'the

smaller hexagon, and the first circle. Tie the ends of the string together to

make a second loop. Adjust the cardboard pieces so that the loops on ebch

14
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:A. Probability Scale

Whentossing two,dice\or other regular solids, it helps to construct a

*le for counting how many ways a certain sum or product can be obtained.

!wo cubes, for example, give the following sums.

Sums

2

3

4

5
6

7

8

Possible Combinations : No. 'of Ways

(1,1)
)

, 1

(1,2), .(2,1) c, 2

(1,3), (2,2), (3,1) it 3

(1,4), (2,3), (3,2), (4,1) 4

(1,5), (,.4), (3,3), r4,2), (5,1) 1 5

(1,6), (2,5), (3,4), '(4,3), (5,2), (6,1)

(2,6), (3,5), (4,4), (5,3); (6,2). 5 ,

(3,6), (4,5), .(5,4), (6,31" 4

...: (4,6), (5,), t6,4) '3

(5,6), (6,5)4; 2
1.,

,(6,6) 1

Total 36

.

informationnformation can be placed on two number lines on strips of tardboard

as in the.sketth.

2 3 5

4 1 4%

.

.

1-

These two strips can be placed in pockets.of a larger pike of?rdboard so that

** by sliding the scams along, one quickly fees the, number of possible combina-

tions: This figure shows the 4 possible combinations of a sum of 9.

Scales for other solids may also be constructed.
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side of the cardboaril are the same length: There should be just enough
o

spaCe.betwee.n the ciruilar pieces.forthe hexagons to turn on the. string.

Fasten the circjestto-the stringowith a drop of glue.. Make an arra on the

circle next to,the smaller hexagon.. (See Figure C.)

.

4

To operate the hexawhirl,' hold a loop in each hand and swing the cardboard

pieces around and around (25 or more times) until the loops of string are

twisted. Pull the loops until the twisting is done, release to allow string

-to twist
the other way,and pull again: With practice'you can-make the

hexagons spin rapidly between the 'circles. Stop,, and spe which sides of the

hexagons are in line with the arrow (2 on th\e smaller, 3 -on the laiter,

for instance). Experimentto findV0 if the results are sifililar" to those
.

obtained by throwing two dice.

11O
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